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Cauchy-Schwarz for Sesquilinear Forms

Definition: Let X be a compPlex vector space. A map S: XXX —>C

is called a sesquilinear form if

() sy, Xerox,) =Sy, %) +ot S(y,x)  for all y, x,%e X

for all weC

@) sy, + By, x) = S(y,O) + B sy, ) for all X, ¥, y.€ X
for all Pe([:

Special sesquilinear forms: If 5()’,><3 p— S(x,y) , then S is called conjugate-symmetric.

<X Hermitian

If S(X,X) = 0, then s is called positive semidefinife.

Cauchy-Schwarz inequality:

Let S be a sesquilinear form that is conhjugate-symmetric and

positive semidefinite. Then for all x,y e X :

1
sty 0] £ sxx)- s(yay)
Proof: Take x,ye)( and Mc R :

0 < s(y-2%,y-2Ax)

S(yoy) = A s(y) =R s(y,x) + A7 s(x, %)
= 5(y,y§ + ’/L(—Z-ﬂe 5(y,x)> A s(X, X))

If s(X,x)=0, then Res(y,x)=0.

.

e A

1f S(X,x)#0 , then 0 < slpyn) +’,LK"2'R"35(‘/'X3 £
5(X, X) (X, x)
\/\(T \/_\?_\/




quadratic polynomial has zeros: 7\4’2 = --E{ i\](i)q'._ 1

A EERIVE

e get: QeS(YJX) - S(Z’YB
we get <S(X,X3 ) = 5(X, X))

In both cases: ReS(y,x)L < S(X,X) S(y,y) ®

Go to the absolute value: Take e,hf: C such that C-S(y,X} — |S(y,x3| .
/

Re(c.g(y,xy) = ae(s(y,cxﬁ)

1
Using @ : Re(S(y,CX)) < S(ex,cx) 5()’:)’)
// \_/'\(\/

cc s(X, x)
|S(YJX\>|’L =1

= [s(y0| £ stxx0- slyy)
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